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VAN DUNG TRI THUC HAM BE GIAI QUYET BAI TOAN
CUC TRI HINH HOC VA BAI TOAN CO NOI DUNG THUC TE
TRONG CHUONG TRINH TOAN PHO THONG
Dinh Quang Minh'
Nguyén Thanh Nhan?
TOM TAT
Tri thiec ham (TTH) la mét ngi dung tri thizc todn hoc dac biét quan trong,
Xuyén suot chirong trinh todn phé thdng tir bdc tiéu hoc cho dén trung hoc phé
thong. Viéc trang bi TTH ciing nhu cdc kj ndng xir Iy bai toan bang TTH cho hoc
sinh 1a mét nhiém vu quan trong va can thiét cua gido vién toan. Sir dung TTH
khéng chi gitp hoc sinh gidi quyér diroc cac bai toan vé ham sé ma con la cong cu
hiru hiéu dé gidi quyét bai toan gidi phwrong trinh, bat phwong trinh, hé phwong
trinh; chizng minh bdr dang thirc (BPT); tim gi tri lon nhdt nhé nhdt ciia mét biéu
thite; xét tinh don diéu cua day so...[1]. Trong khudn khé bai viét nay, ching toi
van dung TTH dé tiép cdn va gidgi quyét bai toan cuec tri trong hinh hoc va bai toan
c6 ngi dung thyc té. Chlng tdi phan tich ki con dwong di dén viéc van dung TTH
VA0 gidi todn, dong thoi ciing cho thdy wu diém néi tréi cua viéc sir dung TTH dé
danh gid so s&nh véi dung BPT. CAc kién thirxc ham ma ching toi sir dung dé tiép
cdn gidi quyét 1a ham so mét bién so.
Tir khoa: Tri thirc ham,bdr dang thire, danh gid, khdo sat ham

1. Van dung tri thiec ham vao hoc sinh d6 1a 4p dung bat dang thuc
tiép can va giai quyét bai toan cuc tri nhu thé ndo, boi da sb hoc sinh déu
hinh hoc khong c6 dugc ky niang tot khi lam

Bai toan cuc tri trong hinh hoc viéc voi BDT. Do d6 ching t6i dua ra
xuat hién nhiéu trong cac dé thi cua cach tiép can thir hai d6 1a van dung
Ky thi Trung hoc phé théng quéc gia. TTH vao giai 16p bai toan nay.

Pay la mét ndi dung cua hinh hoc 1.1. Phwong phap Qidi theo hwong
duoc khai thac ¢ muc d6 van dung v@n dung tri thizc ham

cao, vi thé thuong gay kho khin cho - Phan tich céc yéu té cé dinh, yéu
hoc sinh khi hoc ciing nhu khi lam bai to thay doi trong maoi bai toan;

thi. Kho khin ctia dang bai toan nay - Chon mgt yéu té thay doi lam
d6 1a cach thac tiép can ciing nhu xir bién so, xdc dinh dwoc mién xdc dinh
ly sb lieu dé tim két qua. Théng ma bién so nhdn;

thuong dé xir ly két qua thi c6 hai cach - Thiét ldp dwoc mét ham sé biéu
kha phd bién d6 1a st dung cac BDT dién vdn dé toan hoc can giai quyét
thong dung dé danh gia, hai 1a st dung theo bién so da chon;

TTH dé khao sat. Uu diém cua viéc st - Sir dung cac kien thiee da biét
dung BT la c6 thé cho két qua nhanh cua ham sé dé khao séat va gidi quyét
chong. Nhung khé khan 16n nhat cua bai toan;
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- Tra loi két qua bai toan.

1.2. Mgt sé vi du

Vi du 1 (Pé thi THPTOG 2017- Ma
dé 102) [2]. Xét khéi tir dién ABCD c6
canh AB = x va céc canh con lai déu
bang 2+/3. Tim x dé thé tich khéi tr
dién ABCD dat gié tri 16n nhat.

A x=+6 B.x=22

C. x=+/14 D. x=3/2.

Phan tich bai toan: Yéu té thay doi
la @6 dai canh AB, @0 dai cac canh con
lai déu cb dinh.

Loi gidi: Goi M,H lan luot I
trung diém cua AB A
va CD (H.1)

Ta c6 tam giac
ABC, ABD can lan
luot taqi C‘ va D. B

bé ton tai to
dién nhu thé thi ¢
0<x<6.Ta co

Vageo = Vauep =2 Ve = T 9 _Z -

Khao sat ham

2
f(x)= X‘/g_XZ’<0< X<6) ta dugc

thé tich khéi te dién Ion nhat bang

i , khi x—3\/§.

thn xét: Néu s dung BPT
Cauchy, ta c6 thé ddinh gidnho sir
dung diém roi nhir sau

x/3 9_X_2 &1/
3
2
Sil—w—x—:— Déu
3 414 4

dang thac xay ra khi va chi khi

98

XZ
4
rat it hoc sinh biét danh gia nhu vay [1].

Vi du 2 (TH&TT 04-2018) [3].
Cho tam giadc ABC wvudng ¢ A c¢o
AB=2AC. M la mot diém thay doi
trén canh BC. Goi H, K lan luot I
hinh chiéu vuéng goc cia M trén AB,
AC. Goi V va V' tuong ung la thé
tich cua vat thé tron xoay tao boi tam
giac ABC va hinh chir nhat MHAK
khi quay quanh truc AB. Tinh gi& tri

/
I&n nhat cua ti s thé tich VV .

2
:9—%@ X = 3+/2. Tuy nhién

Al Bt 2 p3
2 9 3 4

Phan tich c
bai toan:

Yéu t§ c6 M
dinh la tam : X
gidc ABC nén A 2a H .

H.2

suy ra thé tich
khdi non tron xoay ciing 1a sé khdng
ddi. Yéu té thay doi chinh 1a do dai
doan BM (H.2).

Ta c6 thé chon do dai doan BM lam
bién s6 dé khao sat ham.

Loi gidi:
Ta co:
2
V/ =mMH? AH_nX—[za—ﬁ] Do
5 J5
VA 3 3
do, T(x)=—= x> — X
%) V  5a’ 5y/5a°
Xét ham sb
f(x)= 3 o 3 x3,xe[0;a\/§}.
5a’ 54/5a°
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2a/5
3

Ta duoc max f (x)= f
[0:+5]

4
.

S : VAR
Vay gia tri lon nhat cua ti so v bang

- 2a+/5

ékhi MB =x= .
9 3

Nhgn xét: Véi bai toan nay, khi

danh gia ham
3 3
f(x)= x> — x>, chang ta
() 532 54/5a° J

van c6 thé sir dung BDT Cauchy ddnh
gi& bang cach viét lai:
3
f(x)= TN x* (2a\/§—2x)
__3 2%+ 2ay5 — 2x|’
~ 104/5a° 3 '

Ddu ddang

thirc xdy ra khi va chi khi x — 2af.
Tuy nhién véi nhitng dieu chinh dé
danh gia dwoc BPT nhu thé 1a khong
dé dang.

Vi du 3. Cit mot miéng gidy hinh
vudng va xép lai thanh hinh chop tu
giac déu (tham khao hinh v&). Biét
canh  hinh  vudéng bang 20cm,
OM = x(cm). Tim x dé hinh chép déu
ay c0 thé tich 16n nhat [4].

Phan tich bai toan: Yéu té cb dinh
1a d6 dai canh hinh vudng, yéu tb thay
d6i 1a do dai doan OM. Do d6 ta chon
d6 dai doan OM lam bién s6 dé khao
sat bai toan.

X,
AR
, \

”
i
»ut{——-vbo--/{/——i >
N
AN
N
.
g N

H.3a

Loi gidi: Poan OM = x,(0 < x <10)

nén hinh vudng day co canh 12 x+/2.
DPoan AM =10—x. (H.3a).

Thé tich caa khdéi chop Ia:

v =Llsox :@xwlo——x.
3 3
Pén day ta  xét  ham
f (x)=x10-x(0<x<10). Khdo sat ham
ta duoc giad tri lon nhat cua f(x) dat
duoc khi x=38.

Nhin xét: Dé dainh gia ham
f (x)=x*y10—x ta c6 thé ding BDT

nhw sau:

f (x)=x*v10—x :%Jx.x.x.x(40—4x)

<642, Ddu dang thic xay ra khi va
chi khi x=40—4x<x=8. Tuy
nhién viéc diéu chinh dé cé thé ding
duwoc BDT nhw trén la mot kho khan
Véi da s6 hoc sinh [1].

Vi du 4. (Pé thi thir THPT Lé Quy
Don, Ha Ngi 2018) [4]. Cho hinh tru co6
day 1a hai duong tron tdm O va
O’,bén kinh day bang chiéu cao va
bang 2a. Trén dudng tron day ¢ tam
O lay diém A, trén duong tron tam O’
liy diém B.Dit o la goc gira AB va
day. Biét rang thé tich khéi ta dién
OO’AB dat gi4 tri 16n nhat. Hay tinh
tan o trong trueong hop do.

A. tana:\/z. B. tano=—.

s‘r—\

C. tana:%. D. tana=1.
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Phan tich bai
toan: Yéu to cb dinh o

la hinh try, yéu t& N—4
thay doi la goc gitra

duong thang AB véi L

ddy cua hinh try || A7z5% 1~
(H4). Vi thé ta c6 {lgmge [
thé chon bién 1a gid ASE=ily

tri lwong gi4c coto He P
de khao sét ham.

Loi giai: Ké duong sinh AA',BB' cua
hinh try. Khi d6 Z/BAB'= o. Tinh toan
chi tiét ta duoc

3
Voous = %VOAB',O'A'B = 2%\/4 —cot? a.cota

Dit t =cota,(t>0) va xét ham sb
f (t)=tv4—t* . Khao sat ham ta dwoc
f(t) dat gia tri 16n nhét tai t=+2 .

Do do coto = \/E

tanazi.

2

Nhdn xét: C6 thé diung BPT dé
danh gida ham [1].

44—t
f(t)=tya—t* = [t*(4-1t*) < =2,
Q | -t <
Dau dang thic xay ra khi va chi khi
?=4-t*=>t=+2(t>0). Bai nay
néu biét dung BAT thi tot hon.

nén suy ra

2. Van dung tri thiec ham vao
tiép can va giai quyét bai toan cé nai
dung thuc té

2.1. Phwong phdp (idi theo huwong
v@n dung tri thizc ham

- Phén tich cac di¢ kién cua bai
todn dé loc ra nhiing gia thiét quan
trong sé su dung trong viéc gidi;

- Tien hanh mé hinh hoéa bai toan
thure té durdi ngdn ngir ciia toan hoc;

- Sir dung cac kién thic toan hoc
da biét dé thiét ldp dwoc mét ham sé
biéu dién s phyu thugc giza cac yéu té
cua bai toén;

- Stz dung tri thize ham dé khao sat
bai toan;

- Tra lai két qua thuc té cua bai toan.

2.2. Mgt sé vi du

Vi du 5 (Pé thi THPTQG 2018-
Ma dé 101) [2]. Ong A du dinh sir
dung hét 6,5m? kinh dé 1am mot bé cé&
bang kinh c6 dang hinh hop chit nhat
khéng nip, chiéu dai gip doi chiéu
rong (cac modi ghép co kich thuéc
khong dang ké). Bé ¢ dung tich Ion
nhat biang bao nhiéu (két qua lam tron
dén hang phan trim)?

A. 2,26m* B. 1,61m° C. 1,33m* D. 1,50m*

Phan tich bai toan: Yéu t6 thay doi
la ba kich thudc cua
hinh hop chir nhat va !
thé tich caa khéi hop, i
yéu té ¢b dinh 1a tong :
dién tich cia nam mat D:
hinh hop. Tuy nhién %7 Ix
cac kich thudc thay A Hs B
ddi nhung phu thudc
lAn nhau. Do d6 ta c6 thé chon mot
kich thuéc lam an dé khao sat ham.
Hoc sinh tién hanh md hinh hoa bé ca
thanh hinh hop chir nhat
ABCD.A'B'C'D" (H.5) dé khao st.

Loi gigi: Gia sdt AB=2AD. bat
AD = x(x>0). Khi d6 AB=2x. Goi
h 14 chiéu cao khéi hop.

D'

C
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- 2
Suy ra h:M. Vi h>0
6X
nén 0 < x<@.Thé tich khéi hop la
3
V(x)zzxz.h:M.
Khao sat ham f(x)=6,5x—2x* Voi
0< X <§ ta duoc thé tich V (x) lon
nhat bang 13\/_ 3~1,50m® dat
54
duoc khi X:@.

Nhén xét: Néu diung BPT ta cé thé

danh gia nhu sau

E_X] Vi3 | pén

f(x)=2

ddy muon danh gid tiép can dung hé sé
bdt dinh f (x) = 20 [b\/— o ][cJZﬁ

+cx|.

Ta phdi fim dwoc ab,c dé cho
2a—b+c=0 dong thoi
by/13 bx] [C\/ZE Xdy ra tqi
J39
6

——. RO rang viéc nhin

2ax = +cx

diem roi X=

dwoc diém roi nhuw vay la rat kho! Pé
chinh la nhuwoc diem cua BDPT SO Voi
TTH.

Vi du 6 (Bé thi thir truong THPT
Chuyén Lwong Thé Vinh- Pong Nai
2017) [4]. Pé lam mang x6i nudc tir
mot tdm ton kich thusc 0,9m x3m
ngudi ta gip tim ton d6 nhu hinh vé&
biét mat cit cua mang xoi (bsi mat
phang song song bai hai mat day) la
mét hinh thang can va mang xdi la mot

101

hinh ling try ¢6 chiéu cao bang chiéu
dai cua tim tén. Hoi x(m) bang bao
nhiéu thi thé tich méang xdi 13 16n nhét.

A. x=0,5m B. x=0,65m

C. x=0,4m D. x=0,6m

Phan tich bai toan: Hoc sinh md
hinh héa méang nudc thanh lang tru
dung dat nam ngang (H.6c). Pay cua
hinh lang tru 1a hinh thang can nhu gia
thiét cho. Yéu t6 c6 dinh 1a chiéu cao
cua lang tru ciing 1a chiéu dai cua cai
méang nudc bang 3m. Yéu té thay doi
Ia canh day 16n cua hinh thang.

0,9m

0,3
Loi giai: Goi x(0<x<0,9) la canh
day 1on caa hinh thang cua day mang
X01 nudc. The tich mang xoi la

_y2
V(X>:(0,3+x)\/0,i7+0,6x X

Khao sat ham sb

X)=(0,3+x)40,27+0,6x—x* ta thay

gid tri lon nhéatcua f(x) khi x=0,6.

Nhdn xét: Ta co thé dung BPT dé
danh gic ham so f (X) nhw sau [1]:

f(x ):\/(o 34 x)(0,3+x)(0,3+x)(0,9 )

Jo 3+x).(0,34x).(0,3+x)(2,7 —3x)

8
1004/3°

<

Ddu dang thirc xay ra khi
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va ch/ khi 0,3+x=2,7-3x<x=0,6.
Viée danh gia nhw thé 1a khéng don
Qian doi voi da so hoc sinh.

Vi du 7 (Pé thi thir S¢ Gido duc
va Dao tgo Thanh Hba 2018) [4]. Mot
cai ao cO hinh ABCDE nhu hinh vg, ¢
gitra a0 ¢c6 MmOt manh vuon hinh tron
ban kinh 10m, nguoi ta muén bic mot
cay cau tir bd AB caa ao dén vuon.
Tinh gan dung d6 dai téi thiéu | cua
cay cau biét:

- Hai bo AE, BC nam trén hai
duong thang vudng goc voi nhau, hai
duong thang nay cét nhau tai diém O.

- B AB 1a mét phan dudng parabol
c¢6 dinh 13 diém A va c6 truc ddi xing
1a duong thang OA.

- Do dai doan OA,0B lan luot la

40m,20m.

- Tam | cia manh vuon cach
duong thing AE,BC lan luot Ia
40m,30m.

A l~17,7m. B.|~257m.

C.l1~27,7m. D.Il~157m.

Phéan tich bai toan: Bay 1a mét bai
toan thuc té tinh khoang cach giira hai
diém. Dé tién hanh mod hinh hoa bai
toan (H.7a), hoc sinh can chon hé truc
toa do phu hop (H.7b).

102

Viét dugc phuong trinh cua duong
parabol c6 cung AB. Sau d6 chuyén bai
toan vé khao sat khoang céch tir tam |
dén maot diém trén cung parabol AB. Bé
cac s6 lidu duoc gon gang, ta co thé
chon don vi la 10m.

Loi gidai: Chon hé truc toa do Oxy
c6 truc Ox cha diém B,C, truc Oy
chira diém AE (H.7b).

Ta goi cay cau la MN véi diém M
thudc cung parabol con diém N nim
trén dudng tron. Nhan thay ring ta luén
c6 MN+NI>MI. Do d6 néu Ml
ngin nhat thi din dén MN ngan nhat do
NI khong ddi. Do d6 ta chuyén vé
khao sat do dai Ml thay vi khao sat do
dai MN. Piéu nay giup ta tinh toan don
gian do diém | ¢6 toa do cu thé.

Chon hé truc nhu vay va chon don
vi la 10m thi ta co diém 1(4;3).
Phuong trinh ctia duong parabol chta
cung AB la y=4—x*(0<x<2). Do
dai doan thang IM Ia:

IM :J(4—x)2+(l—x2)2 ==X =X —8X+17.

Xét ham s f(x)=x* —x*—8x+17
v6i x€[0;2]. Khao sét ham f(x) ta
duogc gié tri nho nhat xap xi bang 7,68

khi x=1,3917. Vay
minIM ~./7,68 ~2,77 nén d6 dai
IM =27,7m. Suy ra

MN=IM—IN=27,7-10=17,7m. Ta
chon dap an A.

Nhgn xét: Voi bai toan nay thi
dung TTH dé danh gid dwong nhw ld
phirong dn lra chon duy nhat. Pdy la
diém manh ma BPT khéng cé dueoc.
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Trén day 1a mot sb vi du dan chung
ctia viéc van dung TTH vao giai quyét
mot van dé toan hoc. Qua dé ta thay
rang st dung TTH giup tiép can van dé
mot cach nhanh chong, dua ra 101 giai
chat ché va gon gang. D6 1a wu diém
ndi bat cua TTH.

3. Mt s bai tap dé nghi

Bai 1. (Pé thi thir THPT Chuyén
Hung Vwong, Binh Duong 2018) [4].
Trong mat phang (P) cho tam giac
XYZ ¢ dinh. Trén duong thang d
vubng goc véi mat phang (P) tai diém
X va vé hai phia cua (P) ta liy hai diém
AB thay doi sao cho hai mat phing
(AYZ) va (BYZ) lubn vuéng gbc vai
nhau. Hoi vi tri cia A,B thoa man diéu
kién nao sau day thi thé tich khdi ti
dién ABYZ 1a nho nhit.

A. XB=2XA B. XA=2XB

C. xaxe=vz> D. X latrungdiém ciia AB

Bai 2. Mot ngudi mubn xay mot
cai bé chua nuéc, dang mot khdi hop
chit nhat khéng nip cé thé tich bang
%mi ddy bé I3 hinh chir nhat c6
chiéu dai gip doi chiéu rong. Gia thué
nhan céng dé xay bé la 500000
déng/m®. Néu nguoi do biét xac dinh
cac kich thudc caa bé hop Ii thi chi phi
thué nhan cong s& thip nhit. Hoi nguoi
d6 tra chi phi thap nhat dé thué nhan
cong xay dung bé d6 1a bao nhiéu? [4].

Bai 3. Mot khic g
c6 dang khéi nén co
ban kinh day
r =30 cm,chiéu  cao

103

h=120 cm. Anh thg moc ché tac
khiic gb d6 thanh mot khic g ¢o dang
khdi try noi tiép trong khdi non (nhu
hinh v&). Goi V 14 thé tich 16n nhat caa
khic gb dang khdi tru cé thé ché tac
dugc. Tinh V [4].

Bai 4. (Pé thi thir THPT Chuyén Lé
Quy Don, Quang Tri 2018) [4]. Ban
Hoan c6 mot tAm bia hinh tron nhu
hinh v&, Hoan muén bién hinh tron do
thanh maét hinh céai phéu hinh nén. Khi
d6 Hoan phai cat bo hinh quat tron
AOB rdi dan hai ban kinh OA va OB
lai v&i nhau (dién tich chd dan nho
khong dang ké). Goi x 1a goc & tam
hinh quat tron dung lam phéu. Tim x
dé thé tich phéu 16n nhat.

A.10. B.5. C.69.

D. 56

(/ N

Bai 5. (Pé thi thir frwong THPT
Chuyén KHTN Ha

Ngi 2017) [4]. Nguoi f
ta muon thiet ke mot

cai bé béng kinh 3(dm)l

khoéng c6 nip véi thé

. M 3 N a<d.m)\

tich bang 72dm” va

chiéu cao 12 3dm. Mot vach ngan ciing
bang kinh ¢ giita chia bé cé thanh hai
ngan voi cac kich thuéce la a,b (don vi

dm) (tham khdo hinh vé). Tinh a,b dé

bé ca ton it nguyén liéu nhat (tinh ca

tam kinh ¢ gitra), coi bé day cac tim
kinh nhu nhau va khong anh huéng dén

thé tich cai bé.
A. a=24,b=+24; B. a=3,b=38

C.a=3/2b=4v2; D.a=4,b=6

%
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THE APPLICATION OF FUNCTIONAL KNOWLEDGE IN
SOLVING MATHEMATIC PROBLEMS OF EXTREME POINTS IN
GEOMETRY AND PRACTICAL MATHEMATIC ISSUES ON
HIGH SCHOOL MATH CURRICULUM

ABSTRACT

Functional knowledge is a significantly important mathematic content, which is
taught throughout school curriculum from primary to high school level. The full
equipment with functional knowledge as well as its application in solving mathematic
problems for students is math teachers’ crucial and necessary mission. The use of
functional knowledge not only helps students deal with mathematic problems in
function, but also solve in equation, system of equations, inequality, find the maxima
and minima of expression, and prove monotonic sequences, etc. In the scope of this
study, the researchers applied functional knowledge to approach and solve
mathematic problems of extreme points in geometry and practical mathematic issues.
The researchers also had careful analysis in this application, as well as highlighting
its prominent advantages in order to compare with the use of inequalities. All
functional knowledge employed to approach these solutions is one-variable function.

Keywords: Functional knowledge; inequality; evaluating, interpreting functions
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